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When high precision is required for range measurement on Earth-space paths, it is
necessary to correct as accurately as possible for excess range delays due to the dry air,
water vapor, and liquid water content of the atmosphere. Calculations based on repre-
sentative values of atmospheric parameters are useful for illustrating the order of magni-
tude of the expected delays. Range delay, time delay, and phase delay are simply and
directly related. Doppler frequency variations or noise are proportional to the time rate

of change of excess range delay.

l. Introduction

Increasingly sophisticated deep-space missions place high
requirements upon the precision of time delay and Doppler
frequency measurements. The interplanetary plasma is one of
the factors limiting the precision of such measurements. The
excess time and range delays due to the plasma are propor-
tional to total electron content along the path and inversely
proportional to frequency squared. Doppler frequency varia-
tions are generated by the plasma in direct proportion to the
rate of change of total electron content and in inverse relation
with frequency. When unwanted, as is often the case, such
variations are commonly referred to as Doppler frequency
noise. In deep-space missions conducted by the Jet Propulsion
Laboratory, range has been determined by using coded two-
way transmissions at S-band for the uplink and S-band and
X-band for the downlink. Because of the need for increased
precision in range and Doppler frequency measurement, it is
planned to demonstrate the capability of the higher frequency

X-band for both the uplink and downlink, retaining S-band up-
and downlinks as well. K-band links may be utilized at a later
date. High precision is needed for range measurements when
using very long baseline interferometry (VLBI) techniques,
and high precision and sensitivity for Doppler frequency rea-
surements are required if gravitational waves are to be re-
corded (Refs. 1 and 2).

When high precision is needed for range and Doppler
frequency measurements, it becomes necessary to consider
effects due to the gaseous and liquid water content of the
troposphere as well as effects due to the interplanetary plasma
and ionosphere. The tropospheric effects may dominate if the
interplanetary plasma Doppler noise is reduced by adding
X-band uplink capability (Ref. 3). The purpose of this report
is to analyze the tropospheric effects as part of an overall
consideration of the capability of precision two-way ranging
and Doppler systems.

71




The term precision is used here in distinction from
accuracy. The state of knowledge concerning the velocity of
light limits the absolute accuracy of range measurements, but
it is possible to overcome propagation effects and hardware
limitations sufficiently to obtain high precision and a high
~degree of consistency.

ll. Excess Range Delay Due to Dry Air and
Water Vapor

A. Refractivity of Troposphere

Range to a target is commonly determined by radar tech-
niques by assuming that electromagnetic waves propagate with
the velocity ¢ (2.99792458 X 10® m/s or approximately 3 X
10% m/s). A velocity of ¢ corresponds to an index of refraction
of unity. In the troposphere, however, the index of refraction
n is slightly greater than unity with the result that the phase
velocity of an electromagnetic wave is slightly less than ¢. A
range error then results if the velocity ¢ is assumed. The slight
error in range is unimportant in many applications, but may be
important in other situations. In practice, when high precision
in range is desired, it is anticipated that the range indicated by
using the velocity c is greater than the true range, and an effort
is made to estimate as closely as possible the excess range
delay AR (the amount by which the indicated range exceeds
the true range) in order to correct for it.

To consider the excess range delay, which can be referred
to also as excess group delay, note that the integral fn dl
evaluated along a path, with n representing the index of
refraction and d! an increment of length, gives the true dis-
tance along the path if n=1, but gives a value which is
different from the true distance if n+ 1. (By definition, the
index of refraction n of a particular wave type in a given
medium is the ratio of ¢ to v_, the phase velocity of the wave
in the medium,) The difference AR between the true and
indicated distances is given by

AR =ﬁn— 1)dl (1)

The index of refraction of the troposphere is only slightly
greater than 1 and for this reason the usual practice is to use N
units, defined by N.= (n - 1)10° and commonly referred to as
refractivity. The refractivity of the troposphere is given by

_778P; me 375x10%¢
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@
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where p, is the pressure of dry nonpolar air in millibars (mb),
e is water vapor pressure in mb, and 7 is absolute temperature
in kelvins (Ref. 4). N is seen to vary inversely with tempera-
ture and to be strongly dependent on water vapor pressure e,
which equals the saturation water vapor pressure e times the
relative humidity, RH. The saturation water vapor pressure e
is a function of temperature as shown in Table 1.

If Equation (2) is expressed in terms of total pressure p,
where p = p,; + e, it becomes

_776p S56e 375X 10%e
B T T * TZ (3)

N

The last two terms can be combined to give, approximately,

_716p 373X 10%¢
T T2

N )

The form is widely used and gives values for NV that are
accurate within 0.5 percent for the ranges of atmospheric
parameters normally encountered and for frequencies below
30 GHz (Ref. 6). If one wishes to consider separately the
effects of dry air and water vapor, however, with N = N PR
where N, refers to dry air and N, to water vapor, Eq. (2)
should be used with

77.6 p,
N, =~ )
and
_72e,3.75X10%
N, = T + - )

B. Excess Range Delay Due to Dry Air

We consider first the magnitude of AR, the excess range
due to dry air, for a zenith path. For this purpose, SI units will
be used with p, in newtons/meter? (N/m?) rather than mb.
Then N, =0.776p,/T and, by using Eq.(A-3) of the
Appendix, p d/ T is replaced by Rp/M so that

_ 0.776 Ro
N, = e @)




where R is the gas constant, 8.3143 X 10 J/(K kg mol) with
standing for joules. M is the molecular weight in kg mol and is
taken as 28.8 corresponding to an atmosphere that is 80
percent molecular nitrogen and 20 percent molecular oxygen.
The density p in Eq. (7) is in kg/m3. AR 4> the excess range
delay due to dry air, can be calculated for a zenith path in
terms of IV, by

- 1060776 R [~
AR, =10 6dedh = ———M———f pdr  (8)
0

The surface pressure p,, is related to density p by

p0=gfpdh €

where g is the acceleration of gravity and has the value of
9.8 m/s?> at the Earth’s surface. The resulting approximate
expression for AR ,, using this surface value of g, is

_ (0.776) (8.3143 X 103)p

AR, o
(28.8) (9.8) (10%)
so that
AR, = 229X 107° py, m (10a)
with p, in N/m? and
AR, = 229X 1073 p,, m (10b)

with p, in mb. The pressure p, is the surface pressure of dry
air and equals total pressure p minus water vapor pressure e.
Note that the temperature T drops out and the result depends
on surface pressure p, only. If p, = 1000 mb, AR, =229 m.
Hopfield (Ref, 7) has examined the applicability of this re-
lation and, using 2.2757 as the coefficient corresponding to
the value of g at about 6 km above sea level, has concluded
that it allows determination of the range error due to dry air
on a zenith path to an accuracy of 0.2 percent or about
0.5 c¢m. Her form for Eq. (10) is

AR, = 2.2757X 107 p, (10c)

with p in mb.

C. Excess Range Delay Due to Water Vapor

The delay caused by water vapor is considerably smaller
than that for dry air, but total water vapor content along a
path is variable and not predictable with high accuracy from
the surface water vapor pressure. Therefore, water vapor is
responsible for a larger error on uncertainty in range than dry
air. N, can be expressed in terms of water vapor density p
rather than water vapor pressure e by using

e = = ——F (1)

as derived in the Appendix, with p in g/m® and e in mb. N,
then takes the form

1.731 X 103 p

N = 03323p+ = (12)

w

from which

= -6 = —~7
AR, = 10 wadl = 3.323X 10 fpdl

+1.731 X 10‘3f—7p:dl,m (13)

Sometimes the first term of Egs. (12) and (13) is not used, but
for highest accuracy it should be retained. For example, if
1.731 X 103 is divided by a temperature near 280 K, then the
first term amounts to about 5 percent of the total delay. The
value of the integral of Eq.(13) can be determined from
radiosonde data, assuming that p and T vary only with height
above the surface and not horizontally to a significant degree
within the limits of the path.

Microwave radiometry has the advantage of being able to
provide continuous real-time estimation of AR by use of
remote sensing techniques. The basic relation utilized for
microwave radiometry applies to the brightness temperature
T, that is observed, when a source at a temperature of T is
viewed through an absorbing medium having a variable tem-
perature 7. T, is given by (Ref. 8)

T, = T,e™+ f wT(h)oz(h) e dh (14)
0
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with

-
I}

. fma(h)dh
0

and

-
]

h
f wa(h) dh
0

where a(h) is the attenuation constant that is a function of
height 4. The expression for 7} takesa simpler form when T is
constant or when an effective value 7, can be employed. In
that case

T, =T e "+T,(1-¢)

(15)
which form is used for remote sensing of attenuation due to
precipitation. The source temperature T, represents cosmic
noise in the case considered here and has a small value.
Therefore, attention is directed primarily to the second term
of Eq.(14). The attenuation constant (%) is due to three
forms of matter: water vapor, the liquid water of clouds, and
oxygen, To obtain information on water vapor, for example, it
is necessary to separate out the effects of liquid water and
oxygen. The separation can be accomplished by making
observations at 2 or more frequencies.

Consider first the problem of obtaining the total water
vapor and liquid water content along a tropospheric zenith
path, For this purpose, one can use a pair of frequencies such
as 20.6 GHz and 31.6 GHz, the first near the peak of and thus
sensitive to water vapor absorption and the second more
sensitive to liquid water than to water vapor. Taking this
approach, M;, and M, , the total vapor and liquid contents in
g/cm?, can be obtained from (Refs. 9 and 10)

M, =a ta, sz+a3 Tb3 (16)
and

M, =b *+b, sz + by Tb3 a7n
where Tj, is the brightness temperature at the lower fre-

quency and Ty, is the brightness temperature at the higher
frequency. The &’s and b’s are determined by a process of
statistical inversion. Simultaneous radiosonde data and read-
ings of brightness temperature are utilized to carry out this
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process. For Denver, Colorado, the particular relation obtained
is

M

y = -0I8+0.11T, - 00537,

M

= -0.017- 0.001 T, + 0.0027 T,

2 3

The relative sensitivities to water vapor and liquid water are
shown by the relative magnitudes of 4, and a, for water vapor
and b, and by for liquid water. The coefficients a, and b,
take account of oxygen and cosmic noise.

For range delay due to water vapor, however, the integral
fo/T dh makes a larger contribution than fp dh =M, For
determining [p/T dh, using two frequencies similar to those
mentioned above, and therefore, utilizing two equations
having the form of Eq. (14), leads to (Ref. 11)

b c b c e
L 1.2 2. wryLan+T, (18)
2 2 T 0
fl fz 0
where
« «
T2 l)l - V2 -
W(h)=—p——7 ‘~—2e 2 (19)
1 2
and
o aol e_T1 a02 e_T2
T, = T - - 5 (20)
0 fl f2

The total attenuation o is the sum of three contributions so
that

a=a,ta, +o, (21)
where a,, is the attenuation constant associated with water
vapor, @, is that associated with liquid water, and ¢ is
associated with oxygen. By assuming that «; for clouds varies
as f%,aL has been eliminated and the factors of f% and f%
appear in the denominators as shown. T, and 7, represent
values of the first term of Eq.(14) and, being small, are
treated as constants. By suitable choice of frequencies and
other refinements, W(h) is made to assume an essentially

constant known value so that [~ p/T dh can be determined.
Pairs of frequencies that have been found to be satisfactory are




20.3 and 31.4 GHz,
31.4 GHz (Ref. 11).

20.0 and 26.5 GHz, and 24.5 and

The development and testing of water vapor radiometers
has received considerable attention at the Jet Propulsion
Laboratory (Refs. 11 through 15). One of the systems devel-
oped utilized 18.5 and 22.235 GHz as the frequency pair, this
combination having the advantage of using the same size of
waveguide for both frequencies (Ref. 14). It was concluded
later, however, that the 20.3 and 31.4 GHz pair provided
better performance.

Profiles of tropospheric temperature can also be obtained
by microwave radiometry utilizing three frequencies near the
60-GHz oxygen absorption peak and one frequency each near
20 GHz and 30 GHz to separate out water vapor and liquid
water effects (Ref. 10). Oxygen is a major constituent of and
occurs as an essentially fixed fraction of the tropospheric
composition, and the temperature of oxygen at a given height
is thus the temperature of the troposphere at that height. The
frequencies utilized allow a coarse determination of the water
vapor profile as well, but the use of several frequencies near
the peak of a strong water vapor absorption line such as that at
183 GHz is stated to be necessary to provide accurate proflles
of water vapor content (Ref. 10).

D. llustrative Calculated and Measured Values of
Excess Delay Due to Water Vapor

The precise value of AR in a particular situation depends
on the water vapor and temperature profiles, but an indication
of the magnitude of AR  can be obtained by assuming an
exponential decrease of N with a scale height # of 2km, a
water vapor density p at the surface of 7.5 g/m>, and a
temperature of 281.65 K (that for a standard atmosphere at an
altitude of 1 km). It is of interest that the value obtained for
AR in this way is the same as if V were constant up to the
height H and zero beyond. The values of 7.5 g/m® and 2 km
are mentioned as being representative values in CCIR Report
719 (Ref. 16). The values of p and T at the surface result in
values of e and Nw of 9.748 mb and 48.57, respectively. Then,
for a zenith path,

AR, = 107° f 48.57 ¢ 1209 gn
0

1076 (48.57) (2000) = 0.0972 m

9.72 cm (22)

The excess range due to water vapor for a zenith path may
thus be about 10 cm. For paths at elevation angle § of about

10 deg or greater, the range delay equals the zenith value
divided by sin 8. That is,

_ AR(8=90 deg)

AR®) sin @

(23)

For an elevation angle of 30 deg, for example, AR might be
about 20 cm.

An extreme value of 44.8 cm for AR for a zenith path
could occur for the highest accepted weather observatory
values for e and p of 53.2 mb and 37.6 g/m3, respectively, at
the temperature of 34°C (Ref. 17). These values were recorded
at Sharjah, Saudi Arabia, on the Persian Gulf. The value of
AR of 44.8 cm is based on an exponential decrease of NV,
with a scale height of 2 km as in the previous example.

Mean zenith values of AR , determined from radiosonde
measurements in a semiarid location in California ranged from
4 to 16 cm (Ref. 18). With respect to the accuracy to which
AR, can be determined, Wu (Ref. 11) stated that the calibra-
tion for water vapor delay, using a water vapor radiometer, is
accurate to < 2 cm at all elevation angles greater than 15 deg.
Slobin and Batelaan (Ref. 15) state that the rms error in AR,
as determined by a water vapor radiometer, was less than 1 cm
over a total delay range of 9 to 38 cm at a 30 deg elevation
angle.

E. Time Delay

Range delay and time delay are directly related. If one
prefers to think in terms of time delay Af or wishes to
determine numerical values of time delay corresponding to
values of range delay, use

(24)

for one-way paths. For monostatic radar modes of operation
for which electromagnetic waves twice traverse the distance
from the original transmitter to the target or repeater,

At = 2% (25)

A range delay of 10 cm for water vapor on a one-way path
corresponds to a time delay of 0.333 ns. The extreme range
delay on a one-way zenith path of 44.8 cm is equivalent to a
time delay of 1.5 ns.
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lll. Excess Range Delay Due to Liquid Water
A. Effective Index of Refraction of Medium

The liquid water content of the troposphere can also make
a contribution to range delay. To distinguish the range delays
due to water vapor and liquid water, we shall henceforth use
AR, for the delay due to water vapor and AR, for the
contribution due to liquid water. To determine AR, due to
the small droplets of clouds, one can make use of the fact that
a small spherical particle in the presence of a sinusoidally
time-varying electric field acts as a tiny antenna having an
electric dipole moment p, . By application of Laplace’s equa-
tion (Ref. 19, pp. 218 to 224, for example), it can be shown
that, when the drop diameter is small compared to wavelength,
p, is given by

2
ne-1
P =3V( )eE (26)
1 n2+2 070

where V is the volume of the spherical particle and #» is now
the index of refraction of the particle, in the case of interest
here the index of refraction of water. The quantity €, is the
electric permittivity of empty space (8.854 X 107!2 F/m) and
E0 is the electric field intensity of the incident wave in V/m.
In a region containing V such particles per unit volume

2
_ _ n -1
P=Np = 3NV(————n2 +2)60E0 27

where P is the electric dipole moment or electric polarization
per unit volume (considering only the effect of the spherical
water particles and neglecting all other possible contributions
to P). The basic relations, by definition, between £, D (electric
flux density), and P for an isotropic medium are that

D= e E+P=¢ (1+XE = ¢ KE (28)

where K is the relative dielectric constant and x is electric
susceptibility. The relative dielectric constant X (commonly
designated by €,) is equal to e/eo, where ¢ is the electric
permittivity of the medium. D and P have units of C/m?. From
Eq. (28),

K=14%x 29)
In the case considered here, K is an effective relative dielectric
constant of a medium consisting of small spherical water

droplets in empty space.

The excess range delay in the medium is proportional to the
index of refraction of the medium minus unity as in Eq. (1).
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As n has already been used in Section III for the index of
refraction of water, however, we will use m for the index of
refraction of the medium. Index of refraction squared equals
relative dielectric constant. Thus

m? =K (30)

Then as, in general, (1 +2)!/? =1 +4/2 fora << 1 and in this
case ¥ is much less than 1,

m = 1+§ (31)

By comparison of Egs. (27) and (28),

2
X = 3NV(-”——1) (32)
n2+2 .
and
X 3NV(n2— 1)
m-1==4=""—= (33)
2 2 n2 +2

The relation comparable to Eq. (1) for determining the excess
range delay AR, due to the liquid water content of the
troposphere is

AR, =ﬁae (m-1)dl (34)

Here m is used in place of the n of Eq. (1) and the expression
indicates that the real part of m ~ 1 should be used. This
notation is needed because the index of refraction of water is
complex and m is therefore complex also, The real part of m
determines the phase shift and range delay, and the imaginary
part determines attenuation. In deriving Eq. (33), no mention
was made of the lossy nature of the droplets, but relations
derived for a lossless medium can be applied to the lossy case
by merely utilizing the proper complex value in place of the
real value, Whereas the index of refraction of dry air and water
vapor are independent of frequency in the radio frequency
range up to about 50 GHz, the index of refraction of liquid
water is a function of frequency and temperature.

B. Hlustration of Excess Range Delay Due to a Cloud

To illustrate the range delay due to water droplets in a
cloud, consider the range delay for a zenith path through a
dense cloud 1-km thick and having a water content of 1 g/ms.
For a frequency of f=3 GHz and a temperature of T = 20°C,




it can be determined from curves given by Zufferey (Ref. 20)
(see also Hogg and Chu (Ref. 21), or values presented by Gunn
and East (Ref. 22)), that » =8.88 - j0.63. As water has a
density of 1g/cm®, the water content of 1 g/m3 fills only
107 of a cubic meter. Then NV of Eq. (33)is 107 so that

-7 2 _
m-1-= %10—6 (8.88-70.63)* -1
(8.88-70.63)* +2

and

Re (m- 1) = 3/2(0.967)(107%)

i}

1.45 %X 1076

As a region of uniform water content and a thickness of 1 km
is assumed, the integral of Eq.(26) simplifies to become the
product of Re (i ~ 1) and 10% m so that

Pl
1t

145X 1078 (10%)

145X 1073 m

0.145 cm

For f = 10 GHz, n = 8.2 - j 1.8 and the value of AR, is
0.144 cm, while for f= 30 GHz, n=6 - j 2.8 but AR, is still
about 0.144 cm. The excess range delay in this case is quite
insensitive to the value of #, which condition might be antici-
pated by noting that n2 appears in both the numerator and
denominator of Eq. (33). The excess delay is therefore insensi-
tive to frequency as well.

The water content of 1 g/m3 assumed in the above example
is that of a rather dense cloud, but it has been reported that
the maximum water content of clouds lies between 6 and
10 g/m?3 (Ref. 23).

C. Excess Range Delay Due to Rain

Raindrops are considerably larger than the small droplets of
clouds, and to analyze the effects of raindrops one must
generally use the Mie scattering theory or refinements of it.
The technique of deriving an equivalent index of refraction
can nevertheless be employed for rain; this approach has been
utilized most extensively for determining the attenuation con-
stant for propagation through rain. If m =m, - jm,, the field
intensity attenuation constant « is given by

a = f, m, neper/m

(3%

where 8, = 2m/A, is the phase constant and A, is wavelength
for propagation in empty space. (One neper equals 8.68 dB.)
The phase constant §§ for propagation through a region of rain
is given by '

B = B, m, rad/m (36)

For calculating the excess range delay AR, due to rain, one

can use
fRe(m— Dd = j-(mr~ adl

Tables giving values of m, — 1 have been provided by Setzer
(Ref. 24), and Zufferey (Ref. 20) has presented these values in
graphical form (Fig. 1). Setzer’s value for m, - 1 for a rain of
25 mm/h at a frequency of 3 GHz, for example, is 1.8 X 1076,
The excess range delay in a 1-km path of uniform rain of that
rate is (1.8 X 1076) (10%) = 0.18 cm, a value comparable to
that for a zenith path through a cloud 1-km thick. For a heavy
rain of 150 mm/h, the delay would be 0.92 cm in 1 km.

(37

For estimating total excess range delay due to rain, one
needs an estimate of effective path length through rain. This
topic of effective path length has been considered with respect
to estimating attenuation due to rain (Refs. 25, 26). Raijn is
largely confined below the 0°C isotherm, and the height of the
isotherm and the elevation angle of the path determine the
path length through rain. In addition, it develops that the
average rain rate along a path tends to differ from the instanta-
neous point rain rate, the average rate being less than the point
rate for heavy rains. Effective path lengths through rain tend
to be in the order of 4 or 5 km for an elevation angle of 45 deg
at a latitude of 40°N (Ref. 20) and these figures can be used as
a rough guide, Information on the height of the 0°C isotherm
as a function of probability of occurrence is given in Fig. 2. In
contrast with attenuation in rain which increases with fre-
quency up to about 150 GHz, excess range delay decreases
above 10 GHz and stays nearly constant below 10 GHz to
1 GHz or lower, but has modest maxima in the 6- to 10-Ghz
range, depending on rain rate (Fig. 1). It appears that the
excess range delay due to rain may be of significance in some
heavy rainstorms.

The concept of an equivalent index of refraction of a
medium containing small particles has been discussed by van
de Hulst (Ref, 27) and Kerker (Ref. 28), but early considera-
tion of this topic is attributed by Kerker to an 1899 paper by
Rayleigh and 1890 and 1898 papers by Lorenz.
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IV. Phase Delay and Doppler Frequency

A. Relations Between Range and Time Delay, Phase
Delay, and Doppler Frequency

Range delay, time delay, and phase delay are all directly
and simply related. It was pointed out in Section II that time
delay Atis related to range delay AR by

Ar = —
c

for a one-way path. The phase delay A¢ associated with a
range delay can be determined by taking the product of the
range delay AR and the phase constant §;. Thus

Ap = B AR = ZZAR = HL AR (38)
Y A, ¢
Doppler frequency fy, and phase ¢ are related by

1, = zi%? Hz (39)

This relation can also be written in terms of finite quantities as

-1 A¢
fp == - ,Hz (40)
where T, is a count time or count interval. Also, as A¢=
(2n/xy) AR,
1 AR_’r
fn =7 7==",Hz 41)
b T, 0

for a one-way path, where vy is the average radial component
of velocity and f, is the average Doppler frequency during the
time T,. For a two-way ranging system,

2vR

fp = N (42)

It can be noted that if a value f), is recorded during an
interval T,, a corresponding change' in range AR has taken
place during T,. In this case, AR can represent either a true
change in range or a change in excess range delay or a combi-
nation of the two. (Elsewhere AR has been used for total
excess range due to water vapor or liquid water, but in this
section AR is any arbitrary change or increment or range.) For
an accuracy of 10~5 m/s in velocity T, may be aslow as 1 to
10 s when a spacecraft is near the Earth or another planet, or
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it may be as long as 1000 s when the spacecraft is in a cruise
phase (Ref. 29).

B. Doppler Frequency Noise

Precise calculation of range delay due to the troposphere
requires information concerning the water vapor, liquid water,
and temperature profiles, but representative values can be
calculated readily. Fewer data concerning Doppler frequency
are available and it is somewhat more difficult to establish
representative values for Doppler frequency noise. Both ‘bulk
changes in water vapor and liquid water content along the path
and tropospheric scintillation involving scatter from turbulent
irregularities can contribute to this noise. The term scintilla-
tion is usually applied to rather rapid variations of amplitude,
phase, and angle of arrival. For considering tropospheric
effects, it may be distintuished from refractive fading, that
results from the large-scale structure of the index of refraction
and tends to involve amplitude variations of fairly large magni-
tude but of lower frequency than scintillation.

Because of the relations between phase, excess range delay,
time delay, and Doppler frequency, the occurrence of phase
scintillation implies also the occurrence of range and time
delay jitter and Doppler noise. The noise is generated in
proportion to the rate of change of phase as indicated by
Egs. (39) and (40). In some investigations of phase scintilla-
tion, records were taken showing the variation of phase with
time. These allow the determination of corresponding Doppler
frequency values. Using phase records obtained by Thompson,
et al., (Ref. 30) in Hawaii, Armstrong, Woo, and Estabrook
(Ref. 3) estimated the fractional Doppler frequency stability
for propagation through the troposphere on Earth-space paths
for a 1000-s count interval to be about 5 X 1014 or less
[0, (1000 5) ~ 5 X 10-1% where o0, is referred to as an Allan
varlance] It was estimated also that plasma scintillation at
S-band, primarily involving the solar plasma contribution
which dominates the ionospheric contribution, would cause
noise corresponding to ¢, (1000s) ~ 3 X 10-1%, Minimum
Doppler frequency noise due to the solar plasma is observed in
the antisolar direction. Use of an X-band system is estimated
to reduce the plasma noise to that corresponding to o,
(1000 s) ~ 3 X 10715, Thus it was inferred that tropospheric
scintillation may dominate for the case of an X-band system.
Also using data from Thompson, et al., (Ref. 30) and radio-
sonde data from Edwards Air Force Base, California, as 'well,
Berman and Slobin (Ref, 18) have estimated a fractional
Doppler frequency stability for two-way propagation dnd a
1000-s count interval as 1.6 X 10~14,

C. Gravitational Waves

It is generally considered that gravitational waves may
produce a fractional variation in Doppler frequency equal to




or less than about 10715 (Refs.2 and 3). Thus detection of
gravitational waves will require careful attention and efforts to
minimize the effects of all sources of Doppler noise and
instability. On sufficiently long paths, gravitational waves
should impart a characteristic triple-impulse signature to the
Doppler record. The three impulses arise from buffeting of the
spacecraft and Earth by the passing gravitational wave and
involve the travel times between the Earth and spacecraft. For
example, the gravitational wave might first buffet the Earth
and the antenna of the telecommunication system and thus
produce an immediate corresponding Doppler impulse in the
received signal. Then the gravitational wave might buffet the
spacecraft, and this would produce an impulse in the Doppler
record after a time delay corresponding to the travel time from
the spacecraft to Earth. Finally, a third impulse would appear
in the Doppler record of the received signal, corresponding to
the original buffeting of the Earth antenna, but delayed by the
travel time from the Earth to the spacecraft and back. The
form of the actual sequence of impulses would depend upon
the geometrical configuration of the Earth and spacecraft and
the direction of travel of the gravitational wave. An effect due
to clock speedup is also expected (Ref. 2). As the periods of
gravitational impulses are long (10 to 10,000 s), long telecom-
munications paths involving round-trip travel times of about
1000 s and longer are required for the detection of gravita-
tional waves by the technique under discussion.

V. Excess Range Delay in Terms of Total
Water Vapor and Liquid Water Content

A. Delay Due to Liquid Water

Consideration is given in this section to expressing excess
range delay in terms of the total masses of water vapor and
liquid water in a vertical column. Expressions of this type have
been in use (Ref. 15), and the basis for them will now be
examined. The case of the small water droplets of a cloud is
the simplest to analyze. For this purpose, Eq. (33) is repeated
below.

2.
m—1=§=§ﬂ(” 1) (33)

2 n+2

Range delay AR, for a zenith path through a uniform cloud of
thickness # is given by

AR, = (m-1)h 43)
which is merely a statement of Eq. (34) for a uniform cloud.
The total liquid water content in a vertical column M 'is given
for the uniform case by

M, = NVhp (44)

where & is the number of droplets per unit volume, V is the
volume of an individual droplet, & is the vertical extent of the
cloud, and p is the density of water, namely 1000 kg/m3 in SI
units. Of the four factors of Eq. (44), all but p already appear
in the expression for AR,. The remaining quantities in the
expression for AR, are 3/2 (n?2 - 1)/(n? + 2), which equals
(3/2)(0967)= 145 for f=3GHz. If p=10% is to be
introduced into Eq. (35) where it did not originally appear, so
that AR, can be expressed in terms of M, a factor of 10~3
must be introduced to compensate. Thus
AR, = 145X 107> M, , m 45)
with M; for the example of Section III having the value of
(1076)(103)(103) = 1 kg/m?, where the three factors repre-
sent NV, h, and p respectively. If it is desired to express AR,
in cm and M,, in g/cm?, then
AR, = 145M,,cm (46)
with M; = 0.1 g/cm? for the same example of Section III. For
other frequencies, the value of (n2-1)/(r? + 2) will change
only very slightly, so Eqs.(45) and (46) are generally
applicable with reasonable accuracy. The expressions apply to
the small droplets of clouds, or, in general, when Rayleigh
scattering can be assumed to take place. The droplets of clouds
actually vary in size such that one should use a summation
ZN,V; in place of NV, but the simple form of Eq.(33) is

2
sufficient for present purposes.

B. Delay Due to Water Vapor

Consider next the case of water vapor. The applicable
expression in this case is

L
del

(13)

AR = 3.323X 10‘7ﬁdl+1.731>< 1073

with p in g/m® or

AR, = 3.323X 10‘4fpd1+1.731fi]’,—d1

with p in kg/m3. The delay is a function of temperature as
well as total water vapor content, If 7'is taken to be 281.65 K
(the temperature in a standard atmosphere at an elevation
above sea level of 1 km) as was assumed in Section II,

@7

AR, = 648X 1073 M,, m (48)

where My, the mass of water vapor in a vertical column,
equals fp dl, and, in the example of Section II with o=
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7.5 g/m3 = 7.5 X 10~3 kg/m? at the surface and a scale height
of 2 km, is 15 kg/m?. If it is desired to express AR, in cm and
My, in gfcm?, then

AR, = 6.48 M, cm (49)

=15 o/cm? nnﬂ

1.0 g Vil

e same example of Section II, M,

For th
AR, = 9.72 cm. Equations (48) and (49) apply strictly only
for a constant or average value of temperature of 281.65 K,
and choice of this value, while reasonable, was arbitrary.
However, the equations can be used for rough estimates of
AR, if deisred, and if the temperature profile does not depart
excessively from the constant value assumed here.

o1

C. Combined Delay

The combined delay due to water vapor and small water
droplets on a zenith path is given roughly by

AR = AR +AR,= 648 M, +145M,,cm (50)

with M, and M;, in g/cm?. The delay due to water vapor AR,
is actually a function of temperature as well as the mass of
water vapor in a vertical column M. If information on
temperature and water vapor profiles are available, Eq. (13)
should be used for AR, instead of Egs. (48 through 50) to
obtain a better estimate.

VI. Conclusion

The excess range delay due to water vapor and liquid water
content of the troposphere require attention when high
precision is required for range measurement on Earth-space
paths. The physical factors affecting excess range delay have
been discussed and illustrative calculations of range delay have
been presented in this report. The use of radiometer tech-
niques for continuous monitoring of the range delay and
Doppler frequency due to water vapor appears to be advan-
tageous when high precision is required. The various possible
systems for accomplishing this purpose should be carefully
considered. The same general principles have been used for
remotely sensing the water vapor and liquid water content of
the atmosphere from Nimbus satellites (Refs. 31 and 32), but
in these applications total water vapor content, fp di, and not
f(p/T) dh, is obtained.
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Excess range delay at an elevation angle 6, AR(6), may
generally be related to delay for a zenith path (6 = 90 deg) for
elevation angles greater than about 10 deg by

AR(B) = AR(8 =90 deg) 23)

sin 0

For clouds, information on the thickness and liquid water
density of a cloud is required to estimate range. For estimating
excess range delay through rain as accurately as possible, one
needs to take into account that average rain rates tend to be
less than point rain rates for heavy rains (Refs. 25 and 26).

The separate but related topic of Doppler frequency noise
has been considered bneny Whereas range ueldy involves the
integral of the index of refraction minus unity along a path,
Doppler frequency noise involves the time rate of change of
the integral. Range delay can be analyzed as involving
propagation in a locally homogeneous medium, but considera-
tion of Doppler noise requires attention to scintillation,
involving scatter from inhomogeneities as well. Variations in
range delay imply Doppler frequency noise, and Doppler
frequency noise implies jitter in range. Correction for range
delay allows increased precision in range measurement. Mini-
mizing Doppler frequency noise of interplanetary origih by
moving to higher frequencies increases the probability of
detecting weak effects such as gravitational waves, but Doppler
noise of tropospheric origin may then dominate.

When striving for the highest possible precision in range
measurement, the limitations posed by the state of knowledge
of the velocity of light should be kept in mind. The value of ¢
of 299,792 458 m/s involves a fractional uncertainty Acfc of
+4 X 10-9 (Ref. 33). Specifying ¢ to nine significant figures
may seem impressive, but the fractional uncertainty .in ¢
corresponds to an uncertainty in velocity of 1.2 m/s and an
uncertainty in meters in one-way range of 1.2 times the
propagation times in seconds. For spacecraft near Saturn, say
at 10 AU, the corresponding uncertainty in absolute range is
about 6km. This consideration should not be regarded as
unduly discouraging. When using the VLBI technique, for
example, it is the difference in range to the spacecraft from
two locations that is important and not the absolute range. In
other situations, it is the consistency and precision of range
measurements that is essential, rather than accuracy of
absolute range. One should take care, however, not to imply
that the precisions of a few meters or centimeters in range
measurement on long paths represent the accuracies to which
absolute range can be measured.
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Table 1 Saturation water vapor pressure, e;in mb

[adapted from Smithsonian Meteorological Tables, 1958 (Ref. 5)]

T,°C ey, mb T,°C eg, mb
-30 0.5 20 234
=20 1.3 22 26.4
~-10 2.9 24 29.8

0 6.1 26 33.6

2 7.1 28 37.8

4 8.1 30 42.4

6 9.3 32 47.6

8 10.7 34 53.2
10 12.3 36 59.4
12 14.0 38 66.3
14 16.0 40 73.8
18 20.6
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Fig. 1. The real part of the equivalent index of refraction minus unity
(m, - 1) of a medium consisting of raindrops in empty space, as a
function of frequency (Ref. 20) (Temperature 20°C; Laws and Par-
sons distribution)
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Fig. 2. Height of the 0°C isotherm as a function of latitude and
probability of occurrence (Ref. 26)
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Appendix

Relation Between Water Vapor Pressure and Density

The perfect gas law in the form applying to one molecular
weight of gas is

pv = RT (A1)

where, in SI units, p is pressure in N/m?; v is specific volume

in m3; R is the gas constant, 8.314 X 103 J/(K kg mol), where

J stands for joules and T is temperature in kelvins. To obtain
density p in kg/m?3, use

- M _ M
p = v RT (A'2)
where M is molecular weight in kg mol. Also note that
p_R_Rp )
T v M (A-3)
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If we apply Eq. (A-2) to water vapor and thus set p equal
to e, the water vapor pressure in N/m?, and M equal to
18.02 kg,

e1802  _2.167X107%e
8.3143X 10°T r

Jkg/m®  (A4)

If e is to be expressed in mb, however, rather than N/m?,

0.2167

= =5 ke/m® (A-5)
Finally for p = g/m® and e in mb,
216.7

=2 g (A-6)




