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The Advanced Receiver (ARX II) currently being developed uses a Costas cross-
over loop to acquire and track the phase of an incoming quadrature phase-shift-
keyed (QPSK) signal. This article describes the performance of the QPSK lock
detector to be implemented, taking into account the phase jitter in the tracking
loop. Simulations are used to verify the results of the analysis.

l. Introduction

The Advanced Receiver II (ARX II) [1] is currently
being developed to demodulate signals from deep space
spacecraft. In addition to processing binary phase-shift-
keyed (BPSK) signals, the ARX II will acquire and track
quadrature phase-shift-keyed (QPSK) signals. The track-
ing as well as the acquisition performance of several QPSK
loops has been investigated [2], and it was determined that
the Costas cross-over loop offered a “good” compromise
between implementational complexity and relative perfor-
mance. The other two candidates were the maximum a
posteriori (MAP) estimation and the generalized Costas
loops. This article describes a lock detector for the QPSK
loops. The analysis is general in that it is applicable to
all three QPSK loops, and the results are validated by
computer simulations. The general QPSK carrier-tracking
loop structure and the lock detector are both shown in
Fig. 1. When this loop is implemented, an extra accu-
mulator is present in front of the loop filter to reduce
the loop update rate and improve the loop signal-to-noise
ratio (SNR). The lock detector structure can be gener-
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alized to accommodate any multiple phase-shift-keying
(MPSK) signal as described in [3].

Il. Lock Detection Analysis
The received QPSK signal can be modeled by

r(t) = v/Ppa(t) sin(wot + 6)
+ \/Eb(t) cos(wot + ) + n(t) (1)
where
a(t) = ) app(t — kTy)
k

and

b(t) = beplt — kTy)
k

are the independent in-phase and quadrature data streams
with a; and by the binary 1 random data and p(t) the



non-return-to-zero (NRZ), or Manchester, pulse of dura-
tion over T, seconds. The data power is given by Pp and
the incoming phase by 6. The signal is received in the
presence of noise that can be expressed as

n(t) = V2n(t) cos(wot + ) — V2n,(t) sin(wot + 8) (2)

where n.(t) and ny(t) are random processes with a two-
sided noise spectral density of Ng/2. The input signal is
mixed with the reference signals

~

2

z.(t) = \{V}:_D cos(wpt + ) (3a)
and
z,(t) = 2\]/\/}:_1) sin(wol + 0) (3b)

to produce, after integrating and dumping, the samples
(k+1)T,
Psk = / r(t)z,(t) dt
kT,
£

:R(akcos¢~bksin¢— ﬂicos¢)— \/ﬁsinqﬁ)

VR
(k+1)T,
Tep = / r(t)z.(t) dt

= R(aksin¢+b;c cos ¢ — %sin¢+%c05¢>

(4)
where R 2 Bﬁ—f‘- is the symbol SNR, z; and z,; are

two zero-mean, independent white Gaussian random se-

quences with unity variance, and ¢ 2 9 —0is the phase
estimation error. The reference signals of Eq. (3a) and
Eq. (3b) need to be normalized by +/Pp /Ny for only the
MAP estimation loop, which contains the “hyperbolic tan-
gent” nonlinearity. For the other two loops, the amplitude
can be a constant independent of +/Pp/Ny. The tracking
performance of the three QPSK tracking loops has been
derived elsewhere [3], and the results are summarized in
Appendix A.

The lock detector algorithm used in the ARX II is sum-

marized in Appendix B for a general MPSK signal. In the
specific case of a QPSK signal, the algorithm reduces to

z:Zykz‘r (ha)

where z is the detector’s signal obtained from samples y;

we £ (72— 15)" = (@rara)’ (5b)

It is shown in Appendix C that the mean and the variance
of the detector signal z can be expressed as

p, = —4M R%cos 46 (6a)

and

0'3 =2M [ms + 19my4q — 12m62]

M

M-1
+4M [— > ckdi — Mmi — 9mi + 6m4m§]
k=1

(6b)

where ¢ denotes the carrier phase error; m; = E{ri} =
E{r!} the ith moment; m;; = E{rir{} the ijth cross-
moment; and ¢x, di are constants defined in Appendix C.
(The overbar and E indicate expected values.) Note that
at high-loop SNR (i.e., when o4 — 0), the mean and vari-
ance reduce to

g, = —4MR? (7a)
and
2 9 12 3
2 _ 3
ol =OAMRS | =+t 5+ (7b)

from which the ideal detector’s SNR can be derived. At
lower loop SNRs, the phase jitter might not be negligi-
ble and might result in a degraded detector SNR. All the
derivations have been summarized in Appendix C for ref-
erence.

lil. Probability of Detection and of False
Indication

During carrier lock detection, each z sample is com-
pared with a predefined threshold 7, and the lock detector
decides that the loop is in-lock when z exceeds 7 (i.e.,
z > 7). It is possible that even when the loop is still not
locked or when no signal is present, z will occasionally be
larger than 7. In this case, the lock detector will mistak-
enly declare an in-lock condition. The probability of this
event (probability of false indication) is
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_ 2
P, (2= z0)” )dz

1 o0
= —= exp| —
\/27r020 —/'r p( 202

1 T — M0

5 erfc ( ma) (8)
where p.o and o2, are the mean and variance of the lock
detector signal in the out-of-lock state and erfe(z) is the
complementary error function (erfe(z) = 1 —erf(z), where
erf(z) is the error function). Equation (8) assumes that z
is a Gaussian random variable since z is the sum of many
samples of equal variance. When the loop is not locked

on the signal, the input can be modeled as pure noise to
produce

Hi0=0
9
oy = 192MR?

On the other hand, when the loop is locked on the signal,
the probability of detection is given by

P, =

1 * (Z_/lz)2
\/m/ exp (‘T 4

(10)

where p, and o7 are given by Eq. (6). Alternatively, the
threshold can be eliminated from Eq. (10) and the proba-
bility of detection expressed as

1 2 z
Py = 3 erfc (Z_zo erfc—l(ij) - SAQR ) (11)

where SNR, = pu?/0? denotes the detector SNR. The
phase jitter in the tracking loop degrades the detector’s
SNR by a factor D,

SNR,
b= SNRz,ideal (12)
where SN R, jaeqr is the detector SNR if an infinite-loop
SNR is assumed; i.e., there is no phase jitter (SN R, (ideal)
is computed by using the high-SNR approximations for p,
and o? given by Eq. (7). In Appendix A, it is shown that
at high-loop SNR the detector’s SNR reduces to

MR

SNRz,ia‘eaI = 5
2+ 5+ 7+ )

(13)
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For a given M, loop SNR, p, (p = l/ai where o’i is given
by Eq. (A-13)), and Py, the detector’s SNR, has to be
increased roughly by the factor 1/D in order to achieve
the desired probability of detection Py.

Given Py and P;, we can solve for the number of re-
quired detector samples M, namely,

2

M= ;—2 [O'y() erfc™ (2P;) — o, erfc™ ! (2Py) (14)
y

The threshold 7 is obtained by solving Eq. (8) and setting
it equal to

T = /202 erfc™ (2P)) (15)

where erfc™!() is the inverse complementary error funec-
tion. When the loop is in lock, it can be argued via the
central-limit theorem that the random variable z is ap-
proximately Gaussian, with mean and variance as obtained
earlier.

IV. Discussion and Numerical Results

Computer simulations were used to validate the various
assumptions made in the analysis. Figure 2 depicts the
detection probability as a function of loop SNR when P; =
10=%. It is clear that the detection probability degrades
significantly at low-loop SNR and the degradation itself is
a function of the desired detection probability P; (which is
computed assuming zero phase jitter). The degradation is
better shown in Fig. 3, which depicts the loss in detector
SNR as a function of the loop SNR. At 20-dB loop SNR,
the degradation is about 1 dB, but it increases to 2.5 dB
as the loop SNR is reduced to 15 dB. In both figures, the
simulations and theory are in agreement for all three loops.
Note that the degradation in detector SNR for BPSK was
about 1 dB for 15-dB loop SNR [5].

When the detection probability was plotted as a funec-
tion of symbol SNR, different performances for the various
loops were expected, as the loop SNRs are different when
both the data rate and the loop bandwidth are fixed. Fig-
ure 4 clearly depicts that effect, as the MAP estimation
loop attains a higher detection probability than the Costas
cross-over loop because of its higher loop SNR. Finally,
Fig. 5 shows both the nominal and the actual (16-dB loop
SNR) detection probabilities as a function of the number
of samples Af and the corresponding threshold. This kind
of curve is very useful when one is designing the operating
parameters of the lock detector.



Figure 6 depicts the probability of detection versus the
detector’s SNR for several values of probability of false
lock. This figure 1s useful in determining the required de-
tector’s SNR for a desired detector’s performance. Finally,
Fig. 7 plots the detector’s SNR versus E /N for M = 300.
The detector’s SNR for other values of M can be computed
from the following relation:

M
SNRz)M = SNR3‘300 -+ 1010g10 <m) dB (16)

As a design example, suppose that a QPSK detector
operates at Py = 10~* and P; = 0.99, and that the signal
rate is 10,000 symbols per second with E /Ny, = 1.0 dB.
Using Fig. 6, it can be seen that the detector’s SNR should
be about 12 dB. But, Fig. 7 states that at £,/Ny = 1 dB,
M = 300 and loop SNR = 16 dB (low-loop SNR case),
the detector’s SNR will actually be about 5.0 dB. Equa-

tion (16) is used to compute the number of samples, M,
required to achieve 12 dB of the detector’s SNR, which
results in M = 300 x 10(12-5.0)/10 — 1504 = .15 sec, and
Eq. (15) is used to compute the threshold 7 needed for
Py = 107%. Alternatively, Fig. (5) can be used to find the
required threshold value, which turns out to be 7 = 1300,
assuming that the output of the integrate-and-dump de-
vices is scaled by 1.0/(F,/Np).

V. Conclusion

This article analyzed the lock detector performance for
the QPSK carrier-tracking loop in the ARX II. The analy-
sis is general and is applicable to other QPSK loops. Both
analysis and simulation were used to show that the effect
of phase jitter on the detector SNR can be significant (as
much as two decibels), especially at low-loop SNR.
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Fig. 1. Implementation of the QPSK loop with lock detector.
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Appendix A
Tracking Performance of Three QPSK Carrier Loops

Depending on the loop, the samples r. and 7, of Eq. (4) are processed to produce the error signal that forms the
input to the loop filter. In general, that error signal can be expressed as

f(d’) = rckf(ralc) - Tskf(rck) (A'I)

where f(z) is some nonlinear odd function that defines the loop. Three possible functions will be considered:

sgn(z)
f@) =4 2 (A-2)
tanh(z)

In order to predict the performance of the loops, we need to compute the “squaring loss,” Sz, which is defined by

a (E{(0)})?
5= By Y

where €(0) and €'(0) are the error signal and its slope, respectively, evaluated at ¢ = 0. Note that E{c?(0)} = N2 equals
the variance of the open-loop phase error process, o%,. From this, one obtains the equivalent single-sided noise spectral
density, N§ , using the relation N = 2N2T,, where T, is the symbol time. The loop responds to the mean of the error
signal, which is given by

6(—qu = E{R(a,c sing + by cos @) f [R (a;c cos ¢ — brpsing + (—zqx cos @ — zo; sin ¢)/\/}_2>] }

(A-4)
— E{R(ak cos ¢ — by sin ) f [R (ak sing + by cos @ + (—z1xsin @ + o cosd))/\/ﬁ)] }

where the expectation is taken first over the random data and then over the thermal noise. Using Eq. (A-4), the expected
value of the slope of the error signal can be expressed as

€(0) 2 d;(‘f) = RE{akf [R(ak — -’rlk/\/}—z)] +bi f [R(bk + zgk/\/ﬁ)]}
- (A-5)
+ RQE{bkf’ [R(ak - rlk/‘/f_f)] (—be — $2k/‘/§)}
- RzE{akf' [R(b;c + xzk/\/ﬁ)] (ax — xuc/\/ﬁ)}
Averaging the above equation over the random data, one obtains
¢(0) = 2Rf[R — VRz] — 2R*f'[R — VRz] (A-6)
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where the overbar denotes expectation over the Gaussian random variable z with zero mean and unit variance. After
some algebra, we find the expected value of €2(0), namely,

E{e*(0)} = 2R [(R+ DE{f*[R - VRz]} - (E{zf[R — VRz]} = VRE{f[R - \/Ex]}) 2] (A-T7)

In order to proceed further, the non-linearity f(z) needs to be specified. For example, f(z) = sgn(z) (f/(z) = 28(z)) for
the Costas cross-over loop, in which case we obtain

E{sgn(R — VRz)} = erf (\/R_/Q) (A-8a)
E{26(R - VRz)} = \/%6'12/2 (A-8b)
E{zsgn(R— VRz)} = —\/-—72;6_”/2 (A-8c)
Esgn(R— VRz)} =1 (A-8d)

which result in

[ext /RT2 - [ Bemrr]’

Sy = > (A-9)

R+1-— (\/}_%'erf VR/2+ \/26‘3/2)

On the other hand, for the generalized Costas loop, f(z) = z* (f'(z) = 3z%) and we have

E{(R - VRz)®} = R*(R+3) (A-10a)
E{3(R - VEz)*} = 3R(R+ 1) (A-10b)
E{z(R - VRz)*} = —-R¥*(R+1) (A-10c)
E{f*(z)} = R*(R® + 15R* + 45R + 15) (A-10d)
Sp = L 3 (A-11)

L+ o+ mr + 70

In the MAP estimation loop, the nonlinearity is given by f(z) = tanh(z) (f(z) = sech?(z)), which prevents a closed-form
expression, i.e.,

[tanh(R — VRz) — Rsech®(R — \/E:::)J ’

Sp = (A-12)

(R + 1)tanh®*(R — v Rz) — [1‘ tanh(R — vRz) — VR tanh(R — \/}_21')J ’
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The variance of the phase error process in all three loops can be expressed as

N{B 1 B
o2 = 07L = L A-13)
¢ [6'(0)]2 peSL 7'.syRSL (

where p, = W%’ Br is the loop bandwidth, rsy is the symbol rate, and R = E,/Ny is the symbol SNR. Note that
for R~ 1 dB, Sy <« 1. We should comment that the above variance ag 1s the variance relative to wq, which is used to
compute the telemetry performance. The variance that determines acquisition and the cycle slip process is relative to
4wo, and hence will be 16 times larger.
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Appendix B
Error and Detector Signals for MPSK

Let r. be the “in-phase” and r, the “quadrature” outputs of the integrate-and-dump devices of a MPSK loop: Ref. [4]

proposes the following algorithms for deriving the error signal and the detector’s signals for the various MPSK tracking
loops.

Derivation algorithms

M Error signal Detector signal

2 €9 = T¢ X Ty dy =12 712

4 €4 =dy X €9 dg = d3 — €2

8 €8 = dg X €4 dg = d2 — €2

N CN:duXGE dN:d%V—CQN
2 2 T =
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Appendix C
QPSK Lock-Detector Statistics

The signal for the lock detector is derived using the following algorithm

M
2= wrT
k

where

[

2 2
ve = (o — k)" — (2raemer) (C-1)
In order to compute the mean and the variance of z, we need the second through the eighth moments of r and r.
The odd moments are all zero (since the noise is Gaussian), and hence only the even moments need to be computed.
To simplify the notation, the subscript & will be dropped from the next several equations. Taking the expected value of

Eq. (4), the even moments are given by

Am_mop(ia L 2
me=ri=r?=R < +R) (C-2)
]n_;é;'?:E:R(l (T—%m) (C'B)
me 2 78 =78 = R6<%(5 — 3cosd¢) + %(3 —cos4¢) + 71% <3 + %)) (C-4)
A—= —= s 1 ,
mg=ri=r3=R T6 105 — bcos4¢ — 84cos4¢
7 _— _— 105 S S 420 105
+ (ﬁ(f) + 3cos4g) + 15(1 — cos4¢)> (W(b’ + cos4¢) + 3(1 — cos 44))) + 3 + T (C-5)
where
1 2 1

r_3<5+1—3+ﬁ> (C-6)

At high-loop SNR, ¢ — 0 and m4, mg, mg reduce to

6 3
14+ =+ = -7
R < Lo Rz) (1)
15 45 15
6 — — —— -
R<1+R+R2+R3> (C-8)
28 210 420 105

Sl14+ =4+ 4+ —— + — C-9
R<+R+R2+R3+R4) (C-9)

175



respectively. Cross-moments for ¢ = j are also needed and are given by

may £ B{r2r?} = R (1(1+cos4c§)+ 2 +I; ) (C-10a)
mag 2 E{rir?} = R® (rz + é(l + cos 8¢) — rcos4¢ — -IR%(I - m)) (C-10b)
A 6.2 6.2 3 60 15 C-10
mey = E{r;rZ} = E{riri} = R® | -5 + 6cos4¢ + R(25 9cos4¢)+—(9—cos4¢)+ =+ =3 ¥l (C-10c)

Note that as o4 — 0, mas — m2, myy — m2, and mga — mgmy. Now, the mean value and the variance of the detector’s

signal can be computed. The mean is given by

M
pe =Y E{u} = My, (C-11)
k=1
where
py =7+ i 6772 (C-12)
Using the moments just obtained gives
py = —4R*cos4¢ (C-13)

The next step is to find the moment of 22. Equation (C-1) gives
M

M M M M
B (Era-l-z Tsi _GZ Tei “) er:zr:] +ZZT‘?I-T"4]-

i=1j=1 i=1j =1

—

M M M M M M M M
+ 36221‘3,-7‘37‘&7‘,2]- + QZZr:,-rfj - IQZZrc,rqr” - IQZZT ,rcjr” (C-14)

i=1j=1 i=1j=1 i=1j =1 i=1j=1

Let 22 = S} 4+ Sy, where S, is the sum of all the terms when 7 = J and S5 is the sum of all the terms for i # j. Then for
1=7

TZ‘,-T;‘J- = rjirgj =m3 (C-15a)
reiTe = Mag (C-15b)
Ty = TaiTy = Mey (C-15¢)
and
S1 = 2]\4(7’1’13 + 19my4 — 12m52) (C-16)
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Fori#j,letk _| t—j|. Note that rfz rf] = m3 because the random data make the second moments of r2; independent

of rCJ The double sums can be converted into single sums as follows:

Sy =2 Z Ck"c, c; + 36 Z ckrurc]rfzrfj +2 z ck'ra 33 — 24 Z ckra c; ,]

M-1
=4 cpd +36(M — 1)Mm} — 24(M — 1) Mmym? (C-17)
k=1

where ¢; = 2(M — k) for k=1,2,... M — 1. Note that Z ¢k = M? — M (and ¢y = M). The variance of z can now be

k=1
found from the relation
ol =22 (T2 =51+ 85— p? (C-18)
Using the previous equations, it can be shown that
1 M-1
02 = 2M |mg + 19mas — 12m52] +4M [X/f' Z ckdr — Mmj — 9m3 + 6mgm? (C-19)
k=1
where
A ——
di = z3xy;
such that
k=li-j]
1 1
= (r =~ 5 cos 4d)i> (r — 5 cos 4q3_;)
= (r? — re™% 4 f,./4) (C-20)
and
fi & TsAg, cos 48, (C-21)

At high-loop SNR, the mean and variance become

Hz ideal = _4MR4 (C-an)
and
2 9 12 3
2 3
oy jideal — =64MR <R + = R2 + + E) (C-??b)

which result in
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MR
12+ 5+ +5)

SNRz,ideal = (0_23)

So far, no assumption has been made regarding the statistics of the phase error process. Assuming that the phase error
1s indeed Gaussian with second-order density,

p(¢ia d)jvr

~ 1 oo [ RO — 2R(T)ig; + R(O)cﬂ?)
~ 27/ R2(0) — R2(7) 2(R%(0) — R*(7))

B 1 ox 87 —20(r)éid; + ¢}
Tl i-Ci(n T\ 203(1- CA(n))

where R(7) is the correlation function and can be expressed in terms of the normalized correlation function C(r) as

R(1) = 0;C(7) where

(C-24)

| BLm |
0.91

C(m) = <1 - > exp(—1.25BL7) (C-25)

By, is the one-sided loop bandwidth and ai the closed-loop error variance.

n2ny =T li—jl=lti—t;| (C-26)

_5242

With this Gaussian assumption, the expected value of cos by will be e—r% Hence, we can substitute in all the above
. —_— 2 —_—

equations cos4¢ with e™3%¢ and cos 8¢ with e=329% Moreover,

cos 4¢; cosd¢; = e 1675 cosh(1605C(7e)), i#j (C-27)
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