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Availability of Calibration Sources for Measuring
Spacecraft Angular Position with
Sub-Nanoradian Accuracy
W. Majid1 and D. Bagri1

Precision measurements are now capable of determining the angular positions of
spacecraft in the sky with accuracies of 2 to 5 nrad using compact radio sources
having a ﬂux density of at least a few hundred millijansky at 8.4 GHz for calibration. Further improvements in position measurement accuracy may be possible with
the use of appropriate calibrators near the direction of the spacecraft even if the
calibrators are much weaker (a few millijansky) in ﬂux density. In this article, we
discuss the calibrator ﬂux density required to achieve sub-nanoradian astrometric
accuracy and attempt to estimate the density of suitable calibrators, using existing
source count surveys. We point out, however, that the fraction of these sources that
is suitable for use as a calibrator is not well understood and requires further study.

I. Introduction
Current precision techniques for measurement of spacecraft angular position, based on group delay
measurements, achieve an accuracy of a few (2 to 5) nrad.2 This requires making measurements with
10- to 15-minute integration times on a calibration source (compact quasar) with a ﬂux density of typically
at least a few hundred millijansky (mJy). Therefore, a calibrator generally is 5 to 10 deg away from the
direction of the spacecraft. The angular and temporal separation between the spacecraft and the reference
source causes calibration errors that limit the accuracy of the measurements.
Further improvement in measurement accuracy to the sub-nanoradian level may be possible using
combinations of group delay and phase delay or the recently proposed frequency synthesis approach [1].
The frequency synthesis approach requires using span bandwidths of a few hundred megahertz from
broadband telemetry signals or using the diﬀerential one-way ranging (DOR) tones on the spacecraft.
The improvement in accuracy is made possible if the calibration errors caused by angular and temporal
separation between the spacecraft and the reference calibrator are kept low. The article on the frequency
synthesis approach [1] indeed suggests using calibration sources within a few degrees from the direction
of the spacecraft.
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To use reference sources that are within a few degrees from the direction of the spacecraft requires
lowering the minimum ﬂux density detection limit of the measurements. In this article, we determine the
required strength (ﬂux density) of the calibration sources. Using data from previous surveys, we then
estimate the number density of radio sources over the desired ﬂux density range. Due to the intrinsic
morphology of the sources, only a fraction of these sources at any ﬂux density is suitable as reference
calibrators with high astrometric value. In the last part of this article, we provide an estimate for the
fraction of suitable sources. Finally, we suggest ways to determine this fraction with better conﬁdence.
The organization of this article is as follows: In Section II, we estimate the source ﬂux density needed to
achieve sub-nanoradian accuracy. In Section III, we review a number of radio source surveys and estimate
log N − log S (the number density per unit of ﬂux density) of radio sources at both 8.4 GHz (X-band)
and 32 GHz (Ka-band). Section IV discusses source structure and uses two existing surveys to obtain a
rough estimate of the fraction of useful sources with astrometric value as very long baseline interferometry
(VLBI) calibrators. Section V provides a rough estimate of the number of available calibration sources
at both X-band and Ka-band. Finally, we conclude by summarizing our results and suggest further work
to improve estimates of the density of suitable calibration sources.

II. Calibration Source Strength Requirement
First we calculate the minimum detectable signal for calibration measurement, using the relation
∆T = Tsys /(B · τ )1/2 . We assume a typical system temperature of Tsys = 20 K at X-band, a signal
recording bandwidth of B = 500 MHz using a VLBI Mark 5 recording system (the next generation of
wideband VLBI science receivers under development also will achieve a similar recording bandwidth),
and an integration time of τ = 60 s. With these assumptions, we obtain a minimum detectable signal
of ∼0.3 mK (3σ). Moreover, the gain sensitivity of the interferometer using a pair of 70-m Deep Space
Network (DSN) antennas is ∼1.6 K/Jy, which results in a minimum detectable ﬂux density of 0.2 mJy
(3σ).
For a VLBI measurement, the root-mean-square (rms) angular position error σθ is given by (e.g.,
see [2]):

σθ =

1
(2π × SNR × BW × LT)

(1)

Here SNR is the signal-to-noise ratio for the measurement, BW is the spanned bandwidth, and LT is the
light travel time over the interferometric baseline. Therefore, to achieve ∼1-nrad position accuracy, we
could use sources with ﬂux densities as low as 2 mJy for a 104 -km baseline VLBI interferometer using a
pair of 70-m antennas with ∆T = 0.3 mK and a spanned bandwidth of 500 MHz. Alternatively, with a
pair of 34-m antennas, we could use sources with a ﬂux density of ∼10 mJy. On the other hand, if the
current implementation of the wideband VLBI science receivers (WVSRs) is used for data acquisition and
recording (with improved phase response over that of the Mark 4/5 VLBI recording system), we would
have to increase the minimum source ﬂux density by roughly a factor of 3.5 due to the somewhat limited
recording rate of 80 Mb/s (as already stated, the next generation of WVSR currently under development
is designed to sustain a recording rate of 1 Gb/s, similar to that of the Mark 5 system).
It may be possible to increase the calibration time somewhat, but it appears that we still require
calibration sources with ﬂux densities of several millijansky or stronger. With the DSN Large Array [3],
having a larger equivalent collecting area at each complex, a signal bandwidth of up to 500 MHz, and a
comparable span bandwidth of 400 MHz at Ka-band, it will be possible to use much weaker calibration
sources, perhaps below 1 mJy. Therefore, to ﬁnd suitable sources for calibration, we will examine the
availability of the sources with ﬂux densities >1 mJy at Ka-band and >3 mJy at X-band.
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III. Radio Source Count at X- and Ka-Bands
The density of sources typically is described as dN = N0 S γ dS, where dN is the number of sources per
unit solid angle in ﬂux density interval dS at a ﬂux density of S. For ﬂat Euclidean space with uniform
radio source distribution, the value of the slope, γ, is −2.5. The integrated source count, therefore, is
expected to be N ∝ S γ+1 or in Euclidean space N ∝ S −1.5 . Observations [4–6] carried out over the
past three decades, however, indicate pronounced deviation from a single source population distributed
randomly in a ﬂat Euclidean space. At various source brightness scales, diﬀerent populations contribute
to the overall source count.
A. Review of Previous Surveys to Determine Extragalactic Radio Source Counts
For calibrator ﬂux densities above a millijansky (sources of interest as discussed in Section II), the
measured source count shows a more complex behavior that cannot be ﬁtted with a simple exponential
form. It has long been known, for instance, that at the highest ﬂux densities, ≥10 Jy, the source count
behaves as expected in a Euclidean geometry because of the fact that the bright sources contain many
nearby objects. In the range of 1 to 10 Jy, the observed number of sources increases rapidly with a rate
that actually exceeds the Euclidean value. However, the overall number of sources in this range is limited
to a few hundred sources.
In the 100-mJy to 1-Jy range, the source count seems to reach a plateau relative to the Euclidean
geometry, followed by a relative drop. Observations carried out at 2.7 GHz [4] are used to derive a best
ﬁt over this region that can be described as
−1.8
N ∼ 103 S2.7
deg−2

(2)

where N is the number of sources above ﬂux density S in millijansky. The expected error in N in each
of these surveys appears to be at the level of 10 to 20 percent.
Below this region, over almost three decades of ﬂux density observations, the source counts exhibit a
steady drop relative to the Euclidean value that can be characterized by a slope γ of −1.1 [6]. This survey
was carried out at 8.4 GHz with the Very Large Array (VLA). Figure 1, taken from Fig. 6 in [6], shows
a log N − log S plot covering over 6 decades of source ﬂux density observations. The complex proﬁle of
the integrated source count is evident from this ﬁgure. Interestingly, there is very limited information on
source density for sources with ﬂux densities between 2 and 40 mJy.
For comparison, another survey of weaker sources, carried out with the VLA at 1.4 GHz [5] of a region
containing the Hubble Deep Field, estimated a source count in the 40- to 1000-µJy range that is described
as
−1.38
N ∼ 34.7 S1.4
deg−2

(3)

The expected error is once more at the level of 10 to 20 percent.
We note that most source count surveys over the past decades were carried out at diﬀerent frequency
bands, and all are below 32 GHz. The source counts at Ka-band have to be extrapolated from the
lower-frequency surveys.
B. Implications in the 1- to 1000-mJy Range
Non-thermal radio sources emit radiation that exhibits power law distributions. Their ﬂux density is
often speciﬁed in terms of a spectral index Sν ∝ ν α . Typical values of α for quasars and radio galaxies
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Fig. 1. A log N − log S plot in the range of a few µJy to a
few Jy, taken from Fomalont et al. (Redrawn with permission from [6].)

are in the range of −0.8 < α < −0.5 [6,7]. For the weak sample of sources in the Fomalont et al. 2002
survey [6], the median value for α is reported to be −0.65. Adopting this value for α, we estimate the
source count at both X- and Ka-bands using data from surveys carried out at lower frequency bands [8],
with the assumption that at the ﬂux densities of interest (10 to 1000 mJy) we are essentially looking at
the same population of sources. Figure 2 shows the expected source distribution per squared degrees at
X- and Ka-bands.
For convenience, in Table 1 we report the estimated number of sources at both frequency bands for
diﬀerent patches of sky at four diﬀerent ﬂux sensitivity scales. The values in this table are expected to be
accurate at the level of 10 to 20 percent (in accordance with the errors in the parent surveys). However,
we note that, since there are a number of radio source populations contributing to the entire source
count, our simplistic adoption of one value for the spectral index of the entire population will introduce
systematic errors in our estimates in Table 1 and Fig. 2. We estimate that these numbers could be oﬀ
at most by factors of 1.5 to 2 given the range of spectral indices that might be present in the source
population, e.g., see [7].

IV. Radio Source Structure
The available radio source count surveys serve only as an upper limit to the number of available sources
for precision astrometry work. The suitability of a radio source as a calibrator depends on its intrinsic
structure and variability (variability could cause variation in the centroid’s position of the radio source).
Sources of high astrometric value are those that have a very compact (∼nanoradian) structure [9].
Using VLBI techniques, maps of radio sources with milliarcsecond (mas)3 resolution have been obtained
over the past two decades. These detailed maps provide evidence for source structure in a variety of forms,
from doubles to asymmetric sources with elongated features. Radio sources thus are divided based on
their morphology into two groups—extended and compact objects.
3 In

the astrometric community, it is common to use units of nanoradians, while the imaging community prefers to use units
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Fig. 2. Estimated source count per square degree at
X- and Ka-bands in the range of 1 mJy to 1 Jy. The
ordinate scale indicates the integrated number of
sources with flux densities greater than S (mJy).

Table 1. Expected source count at X- and Ka-bands.

X-band

Ka-band

Sky patch
1 mJy

10 mJy

100 mJy

1 Jy

1 mJy

10 mJy

100 mJy

1 Jy

1 × 1 deg

10.51

1.21

0.47

0.012

3.97

0.39

0.11

0.003

2 × 2 deg

42.0

4.8

1.9

0.05

15.9

1.6

0.44

0.01

5 × 5 deg

263

30

12

0.3

100

10

3

0.1

430,000

50,000

19,000

470

160,000

16,000

4,500

130

All sky

Many surveys have been carried out to measure source structure and angular size of radio sources.
However, the vast majority of these surveys have a limited angular resolution of a few arcseconds. Only
a few surveys provide information on source structure with milliarcsecond resolution. We estimate the
fraction of sources suitable for calibration from two recent surveys with the Very Large Baseline Array
(VLBA).
A. Comparison with Two Surveys
To determine the fraction of sources with milliarcsecond angular size, we have looked for VLBI data
sets. Unfortunately, there are very limited data on the angular extent of VLBI sources in a controlled
statistically complete sample at low ﬂux densities. Below, we look at two very diﬀerent surveys—one
covering a large portion of the sky with a ﬂux detection limit around 100 mJy and the second focusing
on a narrow part of the sky with a low ﬂux detection limit of 2 mJy.
One such data set is a survey [10] of the National Optical Astronomy Observatory’s (NOAO) Boötes
ﬁeld carried out using the National Radio Astronomy Observatory (NRAO) VLBA. The survey covers a
9 deg2 ﬁeld and was carried out at 5 GHz to obtain phase-referenced images of the 76 sources identiﬁed
from the Faint Images of the Radio Sky at Twenty-Centimeters survey (FIRST) [11]. Sources were
selected from the FIRST catalog with peak ﬂux densities above 10 mJy at 5-arcsecond resolution (the
5

FIRST catalog was developed at a frequency of 1.4 GHz). Based on the radio source count surveys (see
the previous section), we expect between 32 and 93 sources (for a spectral index range of −0.6 and −1.2,
respectively) with a ﬂux density above 10 mJy. The range of counts is based on our poor understanding
of the spectral index for various populations of radio sources.
Of the 76 FIRST sources, this survey detected 30 with the VLBA with peak ﬂux densities above
6σ ∼ 2 mJy at 2-mas resolution. Sources that were not detected presumably had compact ﬂux densities
below the detection limit of this survey. The detected sources are reported to have compactness ratios
within the full range of the resolution. Most of the VLBA detections are reported to be unresolved or
slightly resolved. Antenna separations in the VLBA spans from 240 to 8600 km. Of the 30 detected
sources, 8 appear to have prominent structure (many in the form of two lobes) at the level of a few
milliarcseconds and thus do not appear to be suitable as calibrators. The fraction of suitable sources in
this sample is then estimated to be about 30 percent at a ﬂux limit of 2 mJy.
The Very Long Baseline Array Calibrator Survey (VCS) [12] also can be used to get a rough estimate
of the fraction of the overall radio sources that are suitable as reference calibrators, albeit at a higher
ﬂux detection limit of 100 mJy. The VCS1 (ﬁrst phase of the VCS) has been carried out with the VLBA
in dual-frequency 2.2 GHz (S-band) and X-band. Sources were selected from the Jodrell Bank–VLA
Astrometric Survey [13] carried out at 5 GHz, with compact emission on scales of 10 to 30 mas and a
ﬂux density ≥200 mJy (at 5 GHz). The VCS1 survey has a declination limit of −30 deg. We estimate
the sky coverage of the survey to be ∼31,000 deg2 , keeping in mind that the survey’s sensitivity drops at
lower declinations. Over the years, the VCS has been extended to the southern sky, but for the purpose
of this discussion, we will use only the results of the ﬁrst survey.
Although the selected sample is not statistically a complete set of compact sources, it is a representative
sample and should at least serve as a rough estimate of the fraction of available sources at the survey’s
milliarcsecond resolution limit. The ﬂux limit of the detected sources is around 70 mJy, with most of the
sources having a ﬂux of >100 mJy. We will use 100 mJy as the ﬂux limit. Based on the source count
model, we expect 15, 000 ± 2000 sources above 100 mJy over the estimated sky coverage of the VCS1. The
VCS1, on the other hand, contains 1332 sources. The fraction of suitable sources at the milliarcsecond
level for reference calibrators is then estimated at the level of ∼10 percent.

V. Estimate of the Number of Suitable Sources
Using the rough estimates of the previous section, we expect to ﬁnd ∼1 reference source with a ﬂux
density of ∼10 mJy at X-band within a 2 × 2 deg area. At Ka-band, the prospect of ﬁnding reference
sources within the same patch of sky is slimmer. However, within a 5 × 5 deg patch, we expect to ﬁnd
between 1 and 2 reference sources at the 10-mJy level at Ka-band. It is important to note, however, that
these numbers are not well understood statistically, and the error on these numbers is statistically not
reliable.
Given the very limited data on the angular extent of VLBI sources, especially for any controlled sample
at low ﬂux densities, the estimates at 10 mJy for both X- and Ka-bands are poorly known. Clearly, more
data need to be collected in statistically complete samples with ﬂux density limits of 10 mJy to arrive
at a meaningful value for the fraction of radio sources suitable for precision astrometry. Only then will
it be possible to answer the question of the fraction of suitable sources with any level of meaningful
statistical conﬁdence. We believe such deep surveys can be carried out practically using the NRAO
VLBA instrument at X-band, 22 GHz (K-band), and 43 GHz (Q-band), focusing on 2 to 3 representative
ﬁelds covering perhaps 3 × 3 deg each. Such a survey should be able to better constrain the number of
suitable sources at a few millijansky level at X- and Ka-bands for precision astrometry.
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VI. Conclusions
Improvement in measurement accuracy of spacecraft angular position is now possible with new techniques and improvement in recording hardware. These improvements are possible, however, only if the
calibration errors due to angular and temporal separation of spacecraft and the reference calibrators can
be minimized. Calibration errors due to the angular separation between the spacecraft and the calibrators can be kept low by using reference sources that are within 1 to 2 deg of the spacecraft. We have
shown that, to achieve this level of accuracy with techniques such as the frequency synthesis approach [1],
reference calibrators with ﬂux densities as low as a few millijansky need to be used. We have looked at
a number of radio source surveys and estimated a log N − log S number count of radio sources at both
X- and Ka-bands. We have pointed out that, for VLBI measurements focused on determining the angular
position of a spacecraft, the relevant number count is not the overall number of radio sources, but the
number of radio sources compact enough at the milliarcsecond level to be of use as reference calibrators.
Based on two diﬀerent compact surveys, we estimate a fraction of 10 to 30 percent of the radio sources
may be suitable for calibration purposes at the ﬂux densities of interest. We have pointed out that further
study is needed to arrive at an unbiased and statistically meaningful number for the fraction of available
sources at the level of 10 mJy. At this ﬂux detection sensitivity, we have suggested that it is possible to
carry out measurements of the angular position of spacecraft with sub-nanoradian accuracy.
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