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In 0 c(dtcrcnt data Iittk, Ilarrowhwd rodi, ~]h’qltcth;l” itttcr@vh’t” (Kl:l] tkwr flh’

twrricr ~rcquctt(y’ call (tc~ra[lc the Iittk pcrjiwtttatwc b)” itttpulvin,c lhc t’arri(’r Irat”kitl.c L!<y)
[wharit~r w(I prodwitl.c a par?ial or C<ut!i)k’tc hMs oJ” cohcrcttcc. Ij” th’ ~!~i is slrt 111.c

en{ wgh. rhi.s cj~{w can ocswr cvctt thoIIglI the /htpIcItl:v oJ” (IW itl tc~limwiv lit’s \\vll

fxywtt(f the carrier lruckillg hwp !Iatdbi”idllt. h) I97.J, l:. IJ17111c)mkl ..1.lWtnchard

ilttl(’1~(’tt[!t’ttt(l’ pcrffmtwl similar alra(t”scs oj” rhc response o,t”a phase-h wkctl h }1~p (} ’1.1.) h)
8

a c(vlrittu( ws n-arc (C1l’) ittwjiwr. aml dcrircd cotttlirhws wklcr lt’hil’tl th I()(~pJr, yykd
l,arricr I(wk aml traciml rhc in tcr]imwcc it fstcal!. 71tis paper c(wlparcs the c~wtn”httrig ms

of ttlcst’ IMS()illl@St.S, aSlldc.Ytcllds &lllM1 ‘Sck)scd fbrlll appn ).vit)lati(vl Ji V 111(’h XII) /)/l(J.r(’

crr(~r. This result is applied /f/ a subscqtlctt t article I() the gcwral pr( Wtvtl of cldtcrlv] f
tk’tcctitw oJ. rcsihaf am{ sttpprcssc(! carficr’ tclctnctn’ in the prcscm-e f IJ. s!n Mw clt’

itl tcrJi’ret tee,

of
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cxmslroinl. permitting P1/PcS to bccwnc krrgc Cnough ror tlw
hmp 10 prtdmw J slc:tdy.sl;lte sl:ltic plum error wctl oo[sidc

Ihc Iinwlr rcgi(m. Using Ihc wnle nurlhwmllic:d uppro:wh. tlwy

solved for the loop plurse error mrd sh’rivrd loss of lock

c(mditions Ilt;ll urc principolty v:llid for slrong C\V inlerfcrentc

Iwy{md tlw l(mp possb:lnd. I Iowwvcr, whcrcm IMncllflrd lctl

his Stllulions in implicit form, Ilrono derived explicil approxi.

m;ltions for the degohl loop phsc error thflt 3re wcuralc
over d smell purl of the Itwk reyion, in the rest of this p:lpcr,

wc will extiutinc IIlc conlril)utions Of these IUW UIl;IlySIS in

some deluil. und extend Itruno’s closed form approximate

phme error results to tlw enlire lock region.

Il. Analysis

Consider o PLL which is initially locked to a c:lrricr with

:Implit mlc A :Intl frequcnry @(,. In Illc prcsclwe of a Cw
intcrfertr ;II offset frequency Au, with ct~ ~ P,/PC. Ihc I’LL

input is

Nc@tving the 20,, Itrm. the loop error sigmrl is

(2)

[1F(p) ~(,)

$5(/) = - K,,c.o ---j- . (;)

(J26Llls i)sin (k - P) = . -. .-—-— .
‘Cr.l, (u).

(-)

(s)

I + 7,s
1:(s) =-

[ +7, s
(t))

I +i, S
~(f) . _

rls
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where 71 >> r,, iIIId tissumcd Ihl k >> 1/72 so tlutl
. provitktl

+*().

Then Eq. (7) reduces to

(11)

“’=[$%)1’ i-4[-11+[-120

(12)

AcIu:IIly, Blwwhtrd”s restrictions we not unrctrsonabte. hlost

PLL’s are currently implemented with second order fillers, isnd

for a given a,:1 Iurge Au is consistent with a small o, tvhith is a

necessury Condition for the analysis above to be volid. \Vlust

IIruno’s results con accommodate that Blwsclmrd”s preclude

:trc Situolions in which &r is too smull for Eq. (1 I ) to I1OICI,

yet cr is low cmmgh to yield an acceptably small value of o.

Note thut Eq. (S) is n)eJnirsgless when the magnitude of Ihe

righthscl side exceeds 1. Consequently. Bruno and Bksnclusrd

both adopted I k I = n/2 to be the limiting condition for the

loop to be locked to the carrier. They krter confirmed this

result experimentally. So. for a given Au, the loop remains in

lock for I A I < rr/2, which translates into u <00 or a < skO.
Equolion (S) defines o,, m a function of 6:

(If!)

[n ptirlicular, when Au is much krrgvr th;ln the PLL

bandwidth so IIurt O = 0, Eq. ( 15) is accuru!c for o~, << ‘W.

which is everywhere Eqs. ( I 3) and ( 14) are volid.

For given loop pammeters and VJIUCS O( ~ and a < a,,, it is

difticult to compute o using Eqs. (7) or ( 12). 11’llilc lll:wch:lrd

left. his solution in this implicit t’orm. Bruno simplihl Ilw

computation by substituting

in Eq. (7), resulting in Ilw perlurbution Cxprcssi(ms,

for small o. I lowcver, Eq. (17) is still cwllpli~wlcd by tht

dependence of CM X on o vio Eq. (5). To circumvmt this.

Brurso restricted his approsimmion t~~the rcgi(w o <C t),, tv

I sin X [ << I. allowing Eq. ( 17) to trivi~lly simplify tt~

:md, using o = O. with I A I = rr/2 in Eq. (7) yields ao:
n:

0: 2

i5:+15sin O+l

(14)

In Appendix A, it is shown [hat the implicit dependence of cr,,
-’

on b ill lqs. (I .;) and (I -1) con be replaced by the simple (1s C(Wo
explicit rcl:l lionship sin (k .V) a-—-----

a
(:1)
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Ill. Example

To illustr:ltc tlwsc rcsutts, cmtsidcr a loop filter of ihc form

of Eq. (9), rcprcscntativc of a PLL in is DSN rcceivcr, For

Cximlplc, Sllpposc

= 2 Scc‘I

AK “co = 1000See-‘ p~)

for which Ihc loop noise bmsdwidth al Ihreshcsld and at the

spccillccl operating point arc given by

211,0 =J-=
21

12117.,
2

Ah’ 2
1+

Vco 72.

r!f], ~ ———— .
472

17,6117. (Z.1)

Applying Eq. ( 13) 10 the given Io(1P p~ranwtcrs, WC” tlnd

that 00<1 rml for Aw/2r S B, : Ibis is the rc~i~m fiv Ivlli:h

the analysis ahovc is valid. Al&, for this r~ngc of A~”, IIIC

constraint of Eq. (16) is salisficcf, intlic:lling lh:!t Eq. ( 15) CC:II;

bc UWI to compute o~. Ihc Iimiling irllcr~crctlcc. t(~.c;lrricr

power for which lIIc PLL maintains carrier lock. TIN loop l~)t~

rcgiwr is illttslrsted in Figs. I and 2. L!sinp Eqs. (5) :Ind (7) (iv

Aw/2i7 near B, , and the simpltr approximali(ms {lF Eqs. [ I’ll

and (20) for &/2rr >> I?, , protilcs of a: Jnd o were als,l

cornputcd Ior I A I < rr/2 isnd prcscotcd in IIICSC Ilgurcs. AS

Cxpwlecl, Ihc fartllcr Ihc intcrfcrctw lies mllsidc tlw I(NJI*

bwu!wisfth. tlIc larger IIIC WIIIC of P1/Pc. required [~~pull IIW

loop out of lock. and Ihe smollcr ils CITL’CI tm Ilw l,>(q~

bckrvior m mcasurwl by o,,. /\lso. 6: >> I owr much of [he .

lock region for which tlw analysis opplics. which Wpports Illc

strong C\V inlcrfercnce rcstrictiwl in tilt lillc of this pupcr. ()(
cmtrse. M n]etlti~lncd Carlier. f{)r ofistt frcquencids $vilhin lhc

loop I.undwid [h corresponding to u,, > I rod. Ilw I(mp coil Iw

pulled 0111 01” lock for PI ~ PC. ond [~q. (4) simidy d(ws n~!l

represent lhc form of the phw error in Ibis region.
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Fig. 3. Lock parameters of previous loop al &J2m = 1000 Hz

Fig. 2, Corresponding Ilmltlng values of u (phase ●rror beat

frequency amplitude)
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Appendix A

Derivation of Lock Constraint

Equ:ltions (13) WI(I (l-1) cm lx cumbind 10 yield IIM

expression

Ilut to order 0$ (Iw Ikssel functions above m:ly bc tipproxi.

mold by Iltc powcrscrics

v“ 02 0:
ZJ —=1-J+—.lfJ 8 192

v

30’ 4

./o(o,,) - J1(o(,) =Z I - -# + ~ . (A.2)

Approximation

find Ill:lt

Substituting Ihcw exprc’ssions inl(~ l~q, (1 ) yields the rculll
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Fvr U2 << 8/3,
(A-2) simplify 10

Appendix B

Derivation of Extended Range Approximation for U2

Ihe llcssel funcliorr expressions of Eq.

Jo(o) = u,-; ==Jo(o)- J2(0) = I (U.1)

Subslituling Eq. (Ill) into Eqs. (S) and (7) yields tlw

approxim:ltiwss

\\’c want 10 prove tlurl in the lock region,

Ishskl<l, (u..’!)

since Xc [- n/2, n/21. BUI for 0:<< ~~~

Isitl X l<< IS cos O ~’w.

timl, using Eq. (D-$), this illlptics 111:!1

/–
sin2 X<< Ifi C(}S$ li’~~ .

So Eq. (B.7) will follow if we cmi show thol”

(11.11))

From Fig. B-l, it is cvitlcnt III;It J m:ty be \vri[tcll itl IIIC fire}
Lq. (B..l) CJn be accumlely irpproxima!ed by ~q. (1’)),—

[lull Eqs. (B.3) :Ind ( 1°) arc equivalent, \\w \vill prove [hut the

JitTcrcncc lwt\\wn the twodcmmlinutors is negligible. Tlwt is,
\vc \\ntlll I(1 show tll:ll

2S sin ~
= sin2 X I +——

I + C(1Sx
<< S:+2Ssin$+l.

(n-(l)

(fi(s:+2Ssi,l~+1J ~o<~si,)u<m
.—-. .—— - .-
lslws$l(l+2Hlm “
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Tabfe B-1. Varlatlon of mlnlmum valuo of p with IJ

min O?) = O(6ntin)
Rangeof v b > ~/COS + bnlin

2cos2G+ 4/7costisln++ 4
0< 1) < 8.6s” 01,0s G

2COS2+ +4 ficos~ sin *

-11.7 P< *<O

-30” <l) <-11.77” -(0 sinv roso)-t

Il+qxl

Fig. B-1. Upperbound on I 1 + v x I for 1 s q s 2
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Fig. B-2, Behavior of min (0) aa a function of O

b> &lcos Q


